Static and dynamic response of elastic suspended cables with thermal effects  by Lepidi, Marco & Gattulli, Vincenzo
International Journal of Solids and Structures 49 (2012) 1103–1116Contents lists available at SciVerse ScienceDirect
International Journal of Solids and Structures
journal homepage: www.elsevier .com/locate / i jsols t rStatic and dynamic response of elastic suspended cables with thermal effects
Marco Lepidi ⇑, Vincenzo Gattulli
Dipartimento di Ingegneria delle Strutture, delle Acque e del Terreno, Università dell’Aquila, via G. Gronchi 18, 67100 L’Aquila, Italya r t i c l e i n f o
Article history:
Received 19 October 2011
Received in revised form 27 December 2011
Available online 2 February 2012
Keywords:
Cables
Temperature
Statics
Free dynamics
Frequency veering0020-7683/$ - see front matter  2012 Elsevier Ltd. A
doi:10.1016/j.ijsolstr.2012.01.008
⇑ Corresponding author.
E-mail address: marco.lepidi@univaq.it (M. Lepidi)a b s t r a c t
Cable structures are often subjected to severe and variable environmental conditions, and their mechan-
ical behavior is known to be particularly sensitive to different ambient factors. The paper analyzes tem-
perature effects on the static and dynamic response of suspended inclined cables through a continuous
monodimensional model including geometric nonlinearities. Uniform temperature changes are intro-
duced through a non-homogeneous constitutive law for the material linear elasticity. Exact and approx-
imate solutions of the equations governing the cable static equilibrium under self-weight are achieved,
and the signiﬁcance of the temperature-dependent variation of tension and sag are parametrically inves-
tigated. The spectral properties characterizing the free dynamics are obtained in a closed-form fashion for
shallow parabolic cables within the low frequency vibration range. The sensitivity of the linear frequen-
cies to temperature changes is discussed, outlining two thermal effects, which are distinguished by their
different origins, geometric or static. For a generic temperature change, the geometric effect produces a
systematic increment or reduction of all the frequencies, for both symmetric and anti-symmetric modes.
The static effect stiffens or softens only the symmetric modes, and may prevail over the competing geo-
metric effect, depending on the cable Irvine parameter. Finally, the thermal effects on the frequency veer-
ing and modal hybridization phenomena, which characterize quasi-resonant shallow cubic cables, are
analyzed.
 2012 Elsevier Ltd. All rights reserved.0. Introduction
Stay cables are widely employed in modern engineering due to
their structural efﬁciency, economic affordability and architectural
aesthetics. However, their characteristic slenderness and ﬂexibil-
ity, combined with limited damping properties, expose structural
cables to high-amplitude vibrations often generated by complex
dynamic phenomena, including for instance modal localization
(Gattulli and Lepidi, 2007), nonlinear interactions (Rega, 2004)
and aerodynamic instabilities (Matsumoto et al., 1998). In addition,
increasingly severe design requirements and challenging environ-
mental conditions, together with recent advances in the material
technology, are driving applied research oriented to understanding
and improving cable performance in service conditions. Increasing
attention is thus being devoted to cable structures in order to de-
velop effective techniques for modal identiﬁcation and model
updating (Caetano et al., 2008), smart strategies of vibration con-
trol (Gattulli, 2007), non-destructive methods for early-detection
of damage (Tabatabai, 2005) and new technologic solutions based
on composite materials (Wang and Wu, 2010).
Despite rarely being approached in the available scientiﬁc
literature, the temperature effect on the mechanical behavior ofll rights reserved.
.structural cables represents an issue of theoretical and practical
interest, cutting across these different areas and levels of research.
Indeed, experimental observations reveal that temperature
changes can signiﬁcantly affect the rich scenario of bifurcation
phenomena characterizing the nonlinear behavior of laboratory
prototypes (Rega and Alaggio, 2009), and may also disturb the
operational modal analysis underlying many vibration-based
procedures for the health monitoring of large-span, cable-stayed
structures (Macdonald and Daniell, 2005; Degrauwe et al., 2009).
Focusing on the second issue, temperature changes are known to
signiﬁcantly modify the natural frequencies and modal shapes
whose variation is commonly selected as an indicator of structural
damage. The consequent risk of false-positive or false-negative
damage warnings may invalidate the entire diagnostic process.
On the other hand, the modern wireless networks deployed for
structural health monitoring applications, composed of multi-
sensor nodes, are increasing the potential to address the problem,
providing access to a larger pool of measured information, includ-
ing environmental variables. Therefore, the disturbances caused by
thermal effects can be removed from damage identiﬁcation proce-
dures by developing suited parametric models of damage indicator
sensitivity to varying temperature.
When long-term monitoring programs can be completed to
populate a sufﬁciently rich database of experimental observations,
including daily and seasonal variations, parametric models of the
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According to different black-box correlation strategies, regression
techniques can be employed to derive ‘static’ (i.e. time-indepen-
dent) nonlinear formulas (Yang et al., 2010) or identify autoregres-
sive linear ‘dynamic’ models (Peeters et al., 2001); otherwise,
learning algorithms can be adopted to train binary classiﬁers (Ni
et al., 2005) or neural networks (Zhou et al., 2010). Following a
slightly different approach, experimental information from long
term monitoring can be employed to characterize the environmen-
tal conditions as stochastic processes, and therefore to extract sta-
tistical models of the frequency-temperature relation, for instance
using factor analysis (Deraemaeker et al., 2008). With respect to
this framework, a completely different perspective is offered by
deterministic models derived from direct thermo-mechanical for-
mulations (Basseville et al., 2010). Though their realistic applica-
tions tend to be limited to simple structures, or even single
structural elements, due to the inherent complexity of thermo-
mechanical phenomena, deterministic models hold some advanta-
ges which may recommend their adoption as an alternative or
addition to modern data-driven models. First, physical models
can be generalized, as their reliability is not restricted to the partic-
ular structure on which they have been identiﬁed; moreover, a lim-
ited amount of experimental data is generally sufﬁcient for their
validation. Second, physical models may furnish a valuable
mechanical interpretation of the structural behavior under thermal
load, which in turn may contribute to an a priori recognition of the
temperature signature on damage-sensitive structural features,
and therefore to removing thermal effects from response-based
structural health monitoring techniques.
Moving on from the arguments above, the paper presents a con-
tinuous mono-dimensional model of an inclined suspended cable,
accounting for thermal effects in the material constitutive law
(Section 1.1). Taking into account the axial elasticity, the static
problem is solved in an analytically exact fashion, obtaining the
cable equilibrium conﬁguration under self-weight load and uni-
form quasi-static temperature change (Section 1.2). Next, a polyno-
mial (parabolic or cubic) approximation of the static proﬁle curve
is introduced for shallow cables, accounting for thermal effects in
an equivalent manner (Section 1.3). The thermal effects are para-
metrically investigated and discussed to furnish a physical inter-
pretation of the analytical ﬁndings through comparison with the
static conﬁguration of the cable at the reference temperature (Sec-
tion 1.4). Next, the dynamic problem governing the free undamped
planar vibrations is approached, deriving the nonlinear integral–
differential equation of motion governing the low-frequency
dominant transversal motion (Section 2.1). A modal analysis is per-
formed to study the small-amplitude vibration range (Section 2.2).
Symmetric and antisymmetric modes are obtained through the
closed-form solution of the modal problem for parabolic cables
(Section 2.2.1). Hybrid modes are obtained instead from the
numerical solution of the modal problem for cubic cables, when
frequency veering occurs to avoid perfect internal resonance con-
ditions (Section 2.2.2). The sensitivity of the linear modal proper-
ties to temperature changes is investigated, with focus on the
different origin and relative importance of two different thermal
effects which can affect the symmetric and anti-symmetric modes,
depending on the cable Irvine parameter (Section 2.3). Finally, con-
cluding remarks are drawn.1. Static response of the suspended cable
1.1. Problem formulation
A monodimensional continuous model is formulated to de-
scribe the static response of an elastic suspended cable. Homoge-neous and hyperelastic constitutive properties are assumed for
the material. A perfectly-ﬂexible transversal behavior is assumed;
that is, the shear and ﬂexural rigidity are considered negligible,
and only uniform distributions of tensile stresses and extensional
strains are admitted in the cable cross-section. The curvilinear ab-
scissa s is used to span the total arc-length L0 of the natural (stress-
free) cable conﬁguration C0 (Fig. 1a), attributed conventionally to
the reference temperature T0.
Since the model hypotheses allow only axial internal forces,
everywhere tangential to the cable proﬁle, searching the cable
response under gravity loads consists in solving a geometric
shape-ﬁnding problem, pursuing the unknown equilibrium conﬁg-
uration CS in the vertical plane (Fig. 1c). The cable is considered to
be hanging between ﬁxed supports SA and SB, at different levels.
The relative horizontal distance L is denoted as the cable span,
while the segment joining the supports is denoted as the cable
chord, inclined at angle # from the horizontal (Fig. 1d). The conﬁg-
uration CS is characterized by an ambient temperature T, different
from T0. Choosing the curvilinear abscissa s as the only indepen-
dent variable, the Cartesian coordinate functions xðsÞ and yðsÞ,
which parametrically locate the position of each cable particle
point PðsÞ in the vertical plane, have to be determined. Additional
unknown functions of interest are the curvilinear abscissa pðsÞ
spanning the strained static conﬁguration CS, and the axial tension
NðsÞ.
If only the static effects of cable self-weight are considered, the
cable wholly lies in the vertical plane, so that the following geo-
metric constraint must be satisﬁed
dx
dp
 2
þ dy
dp
 2
¼ 1 ð1Þ
At the same time, considering constant weight per unit natural
length w, the global equilibrium of the left-hand cable region with
respect to the current point PðsÞ, requires that
N
dx
dp
¼ H; N dy
dp
¼ V ws ð2Þ
where H and V are the unknown vertical and horizontal SA support
reactions, respectively (Fig. 1b).
Adopting an exact kinematic formulation, linear elasticity of the
material, and temperature-independent Young modulus E, the con-
stitutive relation reads
N ¼ EA dp
ds
 1 aDT
 
ð3Þ
where A is the undeformed area of the cable cross-section. The
right-hand term represents the elastic part of the lagrangian exten-
sional strain, once purged of the thermal contribution linearly
depending on the uniform temperature change DT ¼ T  T0, given
the thermal expansion coefﬁcient a.
Having ﬁxed the origin of the coordinate functions xðsÞ and yðsÞ
at the left support, the geometric boundary conditions at SA (s ¼ 0)
and SB (s ¼ L0) read
xð0Þ ¼ 0; yð0Þ ¼ 0; xðL0Þ ¼ L; yðL0Þ ¼ L tanð#Þ ð4Þ
and the special case of leveled supports (horizontal cables) can be
considered setting # ¼ 0.
1.2. Exact solution
The solution strategy for the static problem follows the direct
force method, in which the support reactions H and V are assumed
as principal unknowns. In virtue of the geometric constraint (1),
squaring each of the equilibrium conditions (2), and adding the
resulting expressions, the axial tension reads
(a)
(c) (e)
(f)
(b) (d)
Fig. 1. Static response of the suspended cable under self-weight: (a) natural unstressed conﬁguration C0, (b) global static equilibrium, (c) static equilibrium conﬁguration CS,
(d) cable span and inclined chord and (e), (f) alternative coordinates and reactions at the supports.
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h i1
2 ð5Þ
where the contribution of the horizontal component Nx ¼ H, which
is everywhere constant due to the absence of horizontal loads,
can be distinguished from the s-dependent vertical one NyðsÞ ¼
ðV wsÞ.
Therefore, applying the chain rule to the derivatives in Eq. (2),
imposing the constitutive relation (3) into the resulting expres-
sions, a couple of nonlinear, ﬁrst order, ordinary differential equa-
tions in the principal unknowns xðsÞ and yðsÞ is obtained. Using the
solution (5) for the cable tension NðsÞ, the equations can be han-
dled for symbolic integration, so that imposing the boundary con-
ditions (4a and b) leads to the closed form solution
xðsÞ ¼ H
EA
sþ H
w
1þ aDTð ÞW1ðsÞ; yðsÞ
¼ V
EA
s 1
2
w
EA
s2 þ H
w
1þ aDTð ÞW2ðsÞ ð6Þ
where the nondimensional auxiliary functions W1ðsÞ and W2ðsÞ,
which only depend on the support reactions, are reported in the
Appendix. According to the force method strategy, the remaining
geometric boundary conditions (4c and d), imposed on the solution,
furnish a pair of compatibility equations
HL0
EA
þ H
w
1þ aDTð ÞW1ðL0Þ ¼ L;
VL0
EA
 1
2
wL20
EA
þ H
w
1þ aDTð ÞW2ðL0Þ ¼ L tanð#Þ ð7Þ
which have to be solved to determine the unknown support reac-
tions H and V. In the particular case of horizontal cables, due to
the zeroing of the right-hand part, the second equation is identically
satisﬁed by the solution V ¼ wL0=2, and the ﬁrst equation is sufﬁ-
cient to determine the remaining unknown H.
From a geometrical viewpoint, the cable equilibrium conﬁgura-
tion CS is exactly described by a parametric planar curve, whose
map from the s-parameter domain to the vertical plane is deﬁned
by the coordinate functions xðsÞ and yðsÞ. Since this curve results
from the exact solution of the equations governing the cable static
response, taking into account the axial elasticity, it is traditionally
referred to as the exact elastic catenary (Irvine, 1981), here modiﬁed
to account for thermal effects.A closed form solution can also be obtained for the curvilinear
abscissa pðsÞ of the strained static conﬁguration CS, by integrating
the Eq. (3)
pðsÞ ¼ 1þ aDTð Þsþ 1
2w
H2
EA
W3ðsÞ þW4ðsÞ½  ð8Þ
where the auxiliary functions W3ðsÞ and W4ðsÞ are reported in the
Appendix. Moreover, differentiating the function pðsÞ and subtract-
ing unity, the s-distribution of the cable axial extensional strain is
obtained.
To generalize the comments on the static problem solution for
each cable inclination, it is convenient to replace the global coordi-
nate functions xðsÞ and yðsÞ with the local coordinate functions nðsÞ
and gðsÞ, referred to a pair of inclined axes, tangent and normal to
the cable chord, respectively (Fig. 1e and f). Coherently, the support
reactions RA and RB can be decomposed in the local components
HA ¼ H cosð#Þ þ V sinð#Þ;
VA ¼ V cosð#Þ  H sinð#Þ ð9Þ
HB ¼ H cosð#Þ þ ðwL0  VÞ sinð#Þ;
VB ¼ H sinð#Þ  ðwL0  VÞ cosð#Þ ð10Þ
while the cable particle point PðsÞ is located in the vertical plane by
the local coordinate functions
nðsÞ ¼ xðsÞ
cosð#Þ þ yðsÞ  xðsÞ tanð#Þ½  sinð#Þ; gðsÞ
¼ yðsÞ  xðsÞ tanð#Þ½  cosð#Þ ð11Þ
and the coordinates of the left-hand support becomes n ¼ L= cosð#Þ
and g ¼ 0.
The solution sensitivity to varying mechanical properties can be
assessed by parametric analyses. To this end, it is convenient to
introduce a pair of independent nondimensional parameters, orig-
inally proposed by Irvine and Sinclair (1976) to synthetically char-
acterize the cable elasto-geometrical properties
. ¼ wL0
2EA
; K ¼ L0
L
cos #ð Þ: ð12Þ
Since . represents the static elongation experienced by a half-
length ﬁxed-free cable with axial stiffness EA, hanging vertically un-
der its self-weight, it is referred to as the cable ﬂexibility factor. The
wholly-geometric K parameter, which is known as the cable aspect
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and the distance between the supports, and also allows a distinction
between statically pretensioned (K < 1) and non-pretensioned
(K > 1) cables.
The static problem solution can be re-written in a proper non-
dimensional form deﬁning the following variables and quantities
~s ¼ s
L0
; ~x ¼ x
L
; ~y ¼ y
L
; h ¼ 2H
wL0
; v ¼ 2V
wL0
; ~n
¼ n
L
cos #ð Þ; ~g ¼ g
L
cos #ð Þ: ð13Þ
Therefore, omitting the tilde to simplify the notation, the nondi-
mensional coordinate functions read
xðsÞ ¼ hK
2 cosð#Þ 2.sþ 1þ aDTð ÞW1ðsÞ½ ; yðsÞ
¼ K
2 cosð#Þ 2.s v  sð Þ þ h 1þ aDTð ÞW2ðsÞ½  ð14Þ
and the equations
hK 2.þ 1þ aDTð ÞW1ð1Þ½  ¼ 2 cos #ð Þ;
K 2. v  1ð Þ þ h 1þ aDTð ÞW2ð1Þ½  ¼ 2 sin #ð Þ ð15Þ
determine the unknown nondimensional reactions h and v. Finally,
the coordinate change rules become
nðsÞ ¼ xðsÞ cos2 #ð Þ þ yðsÞ sin #ð Þ cos #ð Þ; gðsÞ
¼ yðsÞ cos2 #ð Þ  xðsÞ sin #ð Þ cos #ð Þ ð16Þ
and the nondimensional coordinates at the left-hand support
(s ¼ 1) are n ¼ 1 and g ¼ 0.
A notable nondimensional quantity, often employed as a syn-
thetic descriptor of the static problem solution in many theoretical
formulations and technical applications for inclined cables, is the
sag-to-chord ratio. The cable sag D is the chord-to-proﬁle distance,
measured at half of the distance between the supports (midchord),
corresponding to the function gðsÞ evaluated at the midchord nat-
ural abscissa sc (Fig. 1d). Consequently, the sag-to-chord ratio
d ¼ D=L cosð#Þ reads, in nondimensional form
d ¼ K
2
2 v cosð#Þ  h sinð#Þð Þ.sc  . cosð#Þs2c þ h W2ðscÞ cosð#Þð

W1ðscÞ sinð#ÞÞ ð17Þ
where the natural abscissa sc is determined from the nonlinear
equation
2K. h cosð#Þ þ v sinð#Þð Þsc  2K.sc sinð#Þ
þ hK W1ðscÞ cosð#Þ þW2ðscÞ sinð#Þð Þ ¼ 1 ð18Þ
whose exact solution for horizontal cables is sc ¼ 1=2 for symmetry
reasons.
1.3. Approximate solution
From a mathematical viewpoint, the elastic catenary curve
resulting from the exact solution of the static problem tends to
be difﬁcult to handle, essentially due to the parametric form of
the coordinate functions. Thus in many engineering applications
minor approximations may be acceptable to greatly simplify the
formulation and solution of nonlinear dynamic problems in which
the static equilibrium proﬁle is used as reference conﬁguration.
According to this general criterion, the static problem can be
increasingly simpliﬁed as stronger hypotheses are successively
introduced in the governing equations. Following a classic qualita-
tive nomenclature based on the cable shallowness, the static proﬁle
of moderately nonshallow cables is described by the (non-elastic)
catenary curve, obtained introducing the hypothesis of axialinextensibility. The ﬂat proﬁle of shallow cables is described
instead by polynomial curves, obtained adding the hypothesis of
closeness between the proﬁle and the chord. As major signiﬁcant
results (Irvine and Caughey, 1974; Lacarbonara et al., 2007), these
approximations make possible a closed-form solution of the modal
problem which emerges from the linearized equations governing
the small-amplitude free undamped oscillations in the low-
frequency range of the cable transversal dynamics.
For the purposes of the present work, any approximation has to
account for both the elastic and inelastic cable deformation. In par-
ticular, the smallness of the ﬂexibility factor is no more sufﬁcient
to justify the traditional inextensibility hypothesis. Nonetheless,
the simplifying hypothesis of uniform, though unknown, exten-
sional strain associated to uniform temperature changes is sufﬁ-
cient to assume constant self-weight wp per unit strained length.
Handling the global equilibrium Eq. (2) according to this hypothe-
sis and introducing the auxiliary function zðxÞ ¼ yðxÞ  x tanð#Þ to
measure the dip of the proﬁle below the chord, the cable vertical
equilibrium is governed by the nonlinear differential equation
H
d2z
dx2
¼ wp 1þ tanð#Þ þ dzdx
 2" #12
ð19Þ
equipped with homogeneous boundary conditions. Reducing the
static problem to a single equilibrium equation requires that some
of the unknowns must be speciﬁed beforehand. Namely, it is neces-
sary to assess a priori the two constant coefﬁcients, represented by
the horizontal component of the axial tension and the weight den-
sity per unit strained length, depending on the extensional strain.
Considering only cables hanging closely to the chord, the prob-
lem statement can be further simpliﬁed. Analytically, the closeness
between the static proﬁle and the chord entails dz ¼ dx, where 
is a small parameter ( 1). Therefore, the ﬁrst order derivative in
Eq. (19) can be considered sufﬁciently small with respect to unity
for its square to be neglected. Expanding in -orders and retaining
only terms up to the -power, a linear differential equation is ob-
tained (Irvine, 1981)
H
d2z
dx2
þ wp dzdx sinð#Þ ¼ 
wp
cosð#Þ ð20Þ
where the ﬁrst order derivative can be considered a perturbation,
due to the small coefﬁcient. A nondimensional form of the
dependent variable ~z ¼ z=L can be adopted, and the equation can
be tackled employing a classic perturbation scheme. Expanding in
–powers the nondimensional variable ~z ¼ ~z0 þ ~z1 þOð2Þ,
substituting and collecting like terms, a hierarchy of second-order
non-homogeneous equations is obtained. Solving each equation
for homogeneous boundary conditions, the reconstructed solution
reads
zðxÞ ¼ 4dp
cos2ð#Þ xð1 xÞ 1þ
2dp
3 cos2ð#Þ ð1 2xÞ sinð2#Þ
 
;
dp ¼ wpL8H cosð#Þ ð21Þ
where the tilde has been again omitted for sake of simplicity.
According to the nondimensional coordinate change rule
n ¼ xþ z sinð#Þ cosð#Þ and g ¼ z cos2ð#Þ, the solution can be ex-
pressed in local coordinates
gðnÞ ¼ 4dpnð1 nÞ 1 83 dpð1 2nÞ tanð#Þ
 
ð22Þ
where, applying the coordinate change, terms higher than Oð2Þ
have been neglected for consistency. It is worth noting that the
nondimensional parameter dp represents the approximated
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perturbation solution gðnÞ at midchord.
Some qualitative remarks can be made, while further details on
the approximated problem statement, supported by a discussion of
the approximation validity of the ﬁrst-order solution, can be found
in Lepidi and Gattulli (2011). The perturbation solution describes
the static equilibrium cable proﬁle through the cubic function
(22), in which the cubic term, depending on the squared sag-to-
chord ratio, is a small (-order) correction of the quadratic gener-
ating solution. Therefore, shallow cables will be distinguished as
parabolic or cubic cables in the following, depending on whether
the sag-to-chord ratio makes the cubic term negligible or not.
However, since the cubic term vanishes for leveled supports
(# ¼ 0), shallow horizontal cables can be rigorously classiﬁed as
parabolic (at least within the validity range of the perturbation
solution, that is, approximately for dp < 1=8). On the other hand,
shallow inclined cables can be classiﬁed either as parabolic or cu-
bic. From a physical viewpoint, the chord inclination determines a
slight perturbation of the parabolic proﬁle valid for horizontal
cables. This perturbation does not modify the midspan sag (as
the cubic term zeroes at midchord), but is nonetheless sufﬁcient
to destroy the proﬁle symmetry.
The equilibrium Eq. (20) is not sufﬁcient by itself to govern the
cable static problem, unless ‘‘the static effects of cable elasticity
have already been accounted for in the determination of the ten-
sion and sag’’ (Irvine and Caughey, 1974). In fact, the solution
(21)a is undetermined as long as the sag dp remains unassessed.
In virtue of the relation (21)b, the a posteriori assessment of the
sag is equivalent to the a priori assignment of the tension H and
the weight wp in the equilibrium equation. In other words, the
relation (21)b establishes a constraint among these three quanti-
ties, only two of which are independent free parameters. For the
purpose of the present work, it is convenient to assign the tension
H and the sag dp, forcing them to assume the values of the elastic
catenary solution (dp ¼ d). This strategy is justiﬁed by the search
for a satisfying geometric approximation of the available exact
solution, whereas a second, approximate solution of the static
problem would be redundant. In this respect, the leading idea (al-
ready sketched in exercise 2.5 of the Irvine book (Irvine, 1981)) is
that any uniform change in the ambient temperature can be art-
fully described as an equivalent increment (or decrement) of the
cable self-weight.
The approximate static solution is strongly characterized by a
notable nondimensional quantity, known as the Irvine parameter,
which synthetically accounts for the material elastic properties,
the geometric stiffness and the shape of the static equilibrium pro-
ﬁle. According to its original formulation (Irvine, 1981), the general
form of the Irvine parameter for inclined cables is
k2 ¼ EA
H
wL
H
 2 L
Le
ð23Þ
where w ¼ wp cosð#Þ; H ¼ H= cosð#Þ and L ¼ L= cosð#Þ, whereas
the auxiliary length Le is
Le ¼
Z L
0
dp
dn
 3
dn ð24Þ
and can be approximated, to the ﬁrst signiﬁcant -power, as
Le ’ Lð1þ 8d2pÞ. Alternately, the Irvine parameter is traditionally
presented in the form
k2 ¼ 64ld2pKe ð25Þ
where l ¼ EA=H expresses the ratio between the axial elastic and
the geometric transversal stiffness, and Ke ¼ L=Le, which is usually
close to unity, plays the role of a small reducing factor. It is useful to
recall that the Irvine parameter is a monotonically increasingfunction of the aspect ratio K. In particular, the threshold K ¼ 1,
which separates the pretensioned and non-pretensioned cable
range, can be proved to correspond to the critical value k2c ’ 24
(Rega et al., 1984).
1.4. Effects of temperature changes
The present model can be easily veriﬁed to degenerate into the
Irvine model (Irvine, 1981) for vanishing values of the temperature
change. Therefore, the thermal effects can be discussed simply evi-
dencing how the temperature modiﬁes the Irvine solution, taken as
reference. The essential temperature effects on the (exact) static
equilibrium conﬁguration can be globally captured by a pair of
synthetic parameters
v2 ¼ H
H0
; j2 ¼ D
D0
ð26Þ
expressing the ratio between the different values assumed at the
current and the reference (subscript 0) temperature by two relevant
quantities, namely the horizontal tension H and the sag D. There-
fore, the two parameters can be referred to as the tension variation
factor v2, and the sag variation factor j2, respectively. Since in the
large displacement ﬁeld the cable transversal stiffness is furnished
only by the geometric contribution due to the axial tension, the sta-
tic sag naturally increases (or decreases) for negative (or positive)
tension variations. Therefore it can be expected that the two factors
v2 and j2 are not completely independent of each other. On the
other hand, it could be demonstrated that they are totally depen-
dent on each other (v2j2 ¼ 1) only in the limiting case of taut
strings (K 1). Note that the use of partially-dependent descrip-
tors of the temperature effects is here justiﬁed by reasons of conve-
nience, as will be better clariﬁed in the statement of the dynamic
problem.
Parametric analyses show how the tension and sag variation de-
pend on the aspect ratio K, spanning a wide range including pre-
tensioned (K < 1, or k2 < k2c ) and non-pretensioned cables (K > 1,
or k2 > k2c ), for six different values of the temperature change
(Fig. 2). The results refer to both horizontal (Fig. 2a and b) and in-
clined cables (Fig. 2c and d), with technically-signiﬁcant values of
the ﬂexibility factor ð. ¼ 2 105Þ and the thermal expansion
coefﬁcient ða ¼ 105Þ. Starting from a phenomenological view-
point, it is immediately evident that a temperature increment
(warming) determines a tension reduction (v2 < 1) and a simulta-
neous sag augmentation (j2 > 1) in the whole K-range. On the
contrary, a temperature decrement (cooling) determines opposite
results. Such systematic trend agrees with the physical expectation
that, warming up the environmental temperature, the suspended
cable undergoes a partial relaxation of the internal forces and a
simultaneous ampliﬁcation of the static response. Moving to more
speciﬁc aspects, it can be noted that, due to the reciprocal depen-
dence of the two parameters, the j2-curves (Fig. 2b) and the v2-
curves (Fig. 2a) exhibit a behavior qualitatively similar, though
opposite in sign. Therefore the temperature effects can be summa-
rized in a few points, looking mainly at the tension variation
i. ﬁxing a certain aspect ratio K, which corresponds to select-
ing a particular cable, increasing (or decreasing) tempera-
ture changes proportionally reduce (or augment) the cable
tension, even if not linearly. A minor remark is that tension
variations due to equal warming and cooling action are also
not perfectly symmetric with respect to the reference tem-
perature (marked by v2 ¼ 1),
ii. ﬁxing a certain temperature change DT , the corresponding
v2-curve is not-monotonically dependent on the aspect
ratio. Positive (or negative) temperature changes determine
an absolute minimum (or maximum) of the tension
(a) (b)
(c) (d)
Fig. 2. Effect of different temperature changes on the synthetic descriptors of the static response for (a), (b) horizontal (# ¼ 0) and (c), (d) inclined (# ¼ p=6) suspended
cables. Crosses mark ﬁnite element results.
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(highest or lowest) K-values, the curves develop horizontal
asymptotes. The asymptotic v2-values are different from
each other and from unity. A minor remark is that the max-
imum or minimum point slowly moves toward higher
aspect ratios for decreasing temperature changes.
A ﬁnite element model has been formulated to verify these ﬁnd-
ings. The cable natural length has been divided into one hundred
prestressed two-node truss elements. Then the nonlinear static
problem has been solved in the framework of a software program
package for thermo-dynamic incremental analyses (R&D ADINA,
2009), employing a large-displacement kinematic formulation to
achieve the equilibrium conﬁguration under self-weight and
quasi-statically varying environment temperature. The ﬁnite ele-
ment solutions (marked by the crosses in Fig. 2) conﬁrm the ana-
lytical results with ﬁne approximation.
A physical interpretation of the analysis results indicates that
cables may exhibit a different sensitivity to temperature changes,
depending on their aspect ratio or, equivalently, on their Irvine
parameter. The highest sensitivity is shown by cables whose natu-
ral length is close to the distance between the supports (K ’ 1).
Cables of longer or shorter natural length become gradually less
sensitive to thermal effects. Therefore, strongly pretensioned
(K 1) or non-pretensioned cables (K 1) tend to exhibit a
signiﬁcantly lower, even if never null, temperature sensitivity.
However, from a comparison, thermal effects on strongly preten-
sioned cables are quantitatively more important with respect to
non-pretensioned cables.Additional parametric results, here not reported for sake of con-
ciseness, can be brieﬂy summarized to better justify the different
sensitivities to temperature changes, depending on the cable as-
pect ratio. At a certain temperature, the cable static tension mono-
tonically decreases for increasing aspect ratios, but its reduction
rate is strongly different for pretensioned (higher rate) and
non-pretensioned (lower rate) cables. The transition, around
K ¼ 1, features a smooth but rapid rate change. Applying a positive
(or negative) temperature change, the tension-to-aspect ratio
dependence remains essentially unchanged, except for a transla-
tion to higher (or lower) aspect ratios. Since the two parameters
v2 and j2 express the relative ratio of the tension and sag with
respect to the reference temperature, it is immediately veriﬁed
that the change-in-rate is responsible for the maximum (or
minimum) of the parameter curves and the temperature change
amplitude for the maximum position.
From a technical viewpoint, it might seem attractive to quickly
account for the temperature effects on a particular cable, for in-
stance by deﬁning an equivalent value of the aspect ratio K.
According to this idea, the natural cable length should be artfully
modiﬁed to someway compensate for the inelastic deformation
due to the assigned temperature change. Nonetheless, it can be
proved that this adjustment is impossible working on the natural
length only, because the equivalent modiﬁcation of the aspect ra-
tio would require at least a simultaneous compensation for the
cable self-weight linear density. In other words, the static re-
sponse of a cable undergoing an assigned temperature change is
never identical to that of the same cable at the reference temper-
ature, even if it supposed to be shortened or lengthened. On the
(a) (b)
(c) (d)
Fig. 3. Modiﬁcation of the coordinate functions describing the static conﬁguration CS at the reference temperature (black), due to positive (red) or negative (blue)
temperature changes DT ¼ 20 for highly-sensitive cables: (a), (b) horizontal cables c1 and c2; (c), (d) inclined cables c3 and c4. Crosses mark ﬁnite element results. (For
interpretation of the references to colour in this ﬁgure legend, the reader is referred to the web version of this article.)
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simulated through the static response of a different cable at the
reference temperature turns out to have limited technical
signiﬁcance.
Fig. 3 illustrates how the global coordinate functions xðsÞ and
yðsÞ are modiﬁed by the temperature change DT ¼ 20. Fig. 3a
and b refer to the horizontal cable with the highest sensitivity to
the warming (the v2-maximum and the j2-minimum marked by
the point c1 in Fig. 2a and b) or cooling (point c2). The increment
or reduction of the function amplitude is evident, whereas the
slight modiﬁcation of the function shape, due to changes in the
auxiliary functions W1ðsÞ and W2ðsÞ, is not visually appreciable. Fi-
nally, the temperature change preserves the symmetry or antisym-
metry featuring the two functions. For completeness, the polar plot
on the top-left corner illustrates the modiﬁcation (amplitude and
direction) of the support reactions. Fig. 3c and d instead refer to
the inclined cable with the highest sensitivity to the warming or
cooling (points c3 and c4 in Fig. 2c and d). The effects of the temper-
ature change are qualitatively and quantitatively similar to those
affecting the horizontal cables. A signiﬁcant difference, despite
being hardly appreciable, is that positive (negative) temperature
changes may increase (decrease) the slight asymmetry characteriz-
ing the coordinate functions of inclined cables. Again, ﬁnite ele-
ment results, marked by the crosses, conﬁrm with ﬁne
agreement the analytical ﬁnding.
A few qualitative remarks concerning the inﬂuence of the
remaining mechanical properties, emerging from further paramet-
ric analyses extensively reported in Lepidi and Gattulli (2011), can
be summarized. In particular, it is worth noting that cables with
smaller ﬂexibility factors . (lighter, or axially stiffer cables) exhibit
higher sensitivity to temperature. The .-reduction determines a
systematic ampliﬁcation of the tension and the sag variation in al-
most the whole K-range. In particular, for positive (negative) tem-
perature changes, the minimum (maximum) of the v2-factor is
ampliﬁed and simultaneously moved towards the critical valueK ¼ 1, whereas the asymptotes corresponding to limiting K-values
remain practically unaltered.2. Dynamic response of the suspended cable
2.1. Problem formulation
The dynamic problem is formulated following the Irvine
scheme (Irvine, 1981) to derive the equations of motion governing
the in-plane vibrations of suspended elastic cables, with generic
chord inclination. Under the assumption of quasi-static tempera-
ture changes, the cable conﬁguration CS, known from the static
problem solution and conveniently mapped by the local coordinate
function gðnÞ, can be taken as initial ﬁxed reference for the cable
dynamic response. For the dynamic problem formulation, it does
not matter whether the function gðnÞ represents the exact elastic
catenary solution, undergoing a suited n-reparametrization, or its
polynomial approximation for shallow cables, sufﬁciently accurate
if the static variables satisfy the ordering n ¼ Oð1Þ; g ¼ OðÞ,
where  is a small parameter ( 1).
The dynamic conﬁguration CD at the same temperature T,
spanned by the arc-length abscissa cðn; tÞ, is described in the verti-
cal plane by the dimensional components of motion uðn; tÞ and
vðn; tÞ, oriented according to the local coordinate system (Fig. 4).
When the simplifying hypothesis of shallow cables is introduced
in the following, the dynamic variables will be ordered according
to u ¼ Oð2Þ and v ¼ OðÞ, and referred to as the longitudinal and
transversal components of motion, respectively. From a physical
viewpoint, recalling also the simultaneous assumptions for the sta-
tic variables, this ordering postulates that the planar dynamics of
shallow cables is dominated by transversal oscillations, whose
amplitude is however insufﬁcient to overcome the static sag.
The equations governing the cable dynamic equilibrium ensue
from the virtual work principle, applied to the internal and
(a) (b)
Fig. 4. Planar dynamic response of the inclined suspended cable: (a) components of motion and dynamic conﬁguration CD and (b) global dynamic equilibrium.
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system they read
@
@p
N þ Ndð Þ dndpþ
@u
@p
  
¼ m @
2u
@t2
wp sinð#Þ ð27Þ
@
@p
N þ Ndð Þ dgdp þ
@v
@p
  
¼ m @
2v
@t2
wp cosð#Þ ð28Þ
wherem is the uniform mass density per unit strained length in the
reference static conﬁguration (that is mg ¼ wp), while Nd, function
of both position and time, is the additional dynamic tension.
Expanding and subtracting statically equilibrated terms, and
therefore employing the chain rule to the derivatives, the equa-
tions of motion become
@
@n
N
@u
@n
þ Nd 1þ @u
@n
 
dn
dp
 
dn
dp
¼ m @
2u
@t2
; ð29Þ
@
@n
N
@v
@n
þ Nd dgdn þ
@v
@n
 
dn
dp
 
dn
dp
¼ m @
2v
@t2
ð30Þ
where N ¼ Ndn=dp and Nd ¼ Nddn=dp represent the chordwise
components of the static and additional dynamic tensions, respec-
tively (Fig. 4b). The coupled system of nonlinear partial differential
Eqs. (29) and (30), equipped with homogeneous boundary condi-
tions, governs the cable free undamped vibrations.
2.1.1. Static condensation
Within the low-frequency vibration range, it is generally
acceptable to formulate the hypothesis of quasi-static stretching,
which requires a low longitudinal-to-transversal stiffness ratio
(say H=EA ¼ Oð2Þ), and in shallow cables entails negligible chord-
wise inertia forces in the dominant transversal oscillations. Under
this assumption, noting that N ¼ H þ OðÞ and then neglecting
Oð3Þ-terms, Eq. (29) states
@
@n
Nd
dn
dp
 
¼ 0 ð31Þ
which means that the quantity between brackets, which has no
immediate physical interpretation, does not vary with the chord-
wise abscissa, and therefore can be assessed as a function of time
only
Nd
dn
dp
¼ EAeðtÞ ð32Þ
where the time-dependent function eðtÞ is often denoted as the dy-
namic cable elongation.
After simple derivative algebra, verifying that the derivative
dn=dp ¼ 1þOð2Þ and the chordwise component of the static ten-
sion N ¼ H 1þ dg=dn tanð#Þð Þ þ Oð2Þ according to the variableordering, and ﬁnally introducing the cable elongation, Eq. (30)
reads
H
@2v
@n2
þ @
@n
dg
dn
@v
@n
 
tanð#Þ
" #
þ EAeðtÞ d
2g
dn2
þ @
2v
@n2
 !
¼ m @
2v
@t2
ð33Þ
where, since terms higher than Oð3Þ have been neglected, an
Oð2Þ-approximation of the function eðtÞ in terms of displacements
is required for consistency, while the second term in squared brack-
ets turns out to be certainly negligible for technically-realistic chord
inclinations ( say tanð#Þ 6 Oð1Þ).
Introducing the constitutive relation Nd ¼ EAed and recalling Eq.
(32), the cable elongation can be immediately related to the dy-
namic extensional strain ed ¼ dc=dp 1 through the relation
eðtÞ ¼ ed dndp
 2
ð34Þ
where, to obtain the required Oð2Þ-approximation, the extensional
strain can be expressed as
ed ¼ dndp
@u
@n
þ dg
dn
@v
@n
þ 1
2
@v
@n
 2" #
ð35Þ
and therefore, substituting and integrating for homogeneous
boundary conditions, the cable elongation is
eðtÞ ¼ 1
Le
Z
L
dg
dn
@v
@n
dnþ 1
2
Z
L
@v
@n
 2
dn
" #
ð36Þ
where Le is the modiﬁed length already deﬁned in (24).
In virtue of static condensation of the longitudinal variable of
motion, the cable planar dynamics is ﬁnally governed by the non-
linear integral–differential Eq. (33), with partial derivatives in the
transversal variable only, equipped with homogeneous boundary
conditions. The temperature effects act on the equation coefﬁ-
cients, depending on the static tension and the static conﬁguration
derivatives.
Denoting x1 as the ﬁrst circular frequency of the cable at the
reference temperature, a suitable nondimensional form of the dy-
namic equations is introduced through the following variables
and parameters
~u ¼ u
L
; ~v ¼ v
L
; s ¼ x1t; c2 ¼ x21
mL2
H
ð37Þ
where c can be interpreted as the ratio betweenx1 and the ﬁrst fre-
quency of the taut string with equal elasto-geometrical characteris-
tics (c > 1). Employing nondimensional variables, Eq. (33) reads
M. Lepidi, V. Gattulli / International Journal of Solids and Structures 49 (2012) 1103–1116 1111c2€v  v 00 þ g0v 0ð Þ0 tanð#Þ  l g00 þ v 00ð ÞeðsÞ ¼ 0 ð38Þ
and the nondimensional form of the dynamic elongation is
eðsÞ ¼ Ke
Z 1
0
g0v 0dnþ 1
2
Z 1
0
ðv 0Þ2dn
 
ð39Þ
where the tilde has been omitted, while dot and apex denote differ-
entiation with respect to the nondimensional time and abscissa,
respectively.
2.2. Modal analysis
The integral–differential equation of motion (38) can be linear-
ized around the reference static conﬁguration to study the small
amplitude range of transversal oscillations. Considering inclined
cables with realistic chord inclinations, the linearized equation
reads
c2€v  v 00 ¼ lg00Ke
Z 1
0
g0v 0dn ð40Þ
and can be tackled with the separation-of-variables method to cal-
culate the cable frequencies and modes.
Since the thermal effects on the cable dynamics essentially de-
pend on how the temperature modiﬁes the static problem solution,
in the dynamic problem the reference static conﬁguration at the
generic temperature T, mapped by the polynomial function (22)
in shallow cables, can be conveniently expressed as a modiﬁcation
of the conﬁguration at temperature T0. Considering the cable char-
acteristic parameters (c2 and k2) referred to temperature T0, the
synthetic factors v2 and j2 are sufﬁcient to account for the temper-
ature change in the linearized equation of motion
c2€v  v2v 00 ¼ j4k2f
Z 1
0
fvdn ð41Þ
where, depending on whether the sag-to-chord ratio dp, or alter-
nately the inclination angle #, is sufﬁciently small for the cubic term
in Eq. (22) to be neglected (parabolic cables) or not (cubic cables)
i:parabolic cables : f ¼ 1 ð42Þ
ii:cubic cables : f ¼ 1 8j2dp 1 2nð Þ tanð#Þ ð43Þ
that is, the right-hand term of Eq. (41) is constant for parabolic
cables.
Following the Irvine solution scheme for shallow parabolic
cables (Irvine and Caughey, 1974; Irvine, 1978), the modal problem
can be solved in a closed-form fashion. Otherwise, the modal prop-
erties of shallow cubic cables can be determined in an approximate
way, according to the Rayleigh–Ritz technique.
2.2.1. Closed form solution
Deﬁning ~x as the ratio between the generic frequency x of the
cable at temperature T and the ﬁrst frequencyx1 of the cable at the
reference temperature T0, the solution is assumed
vðn; sÞ ¼ eı ~xs/ðnÞ ð44Þ
where ı denotes the imaginary unit. Replacing the assumed solution
in Eq. (40) and eliminating the dependence on time, an ordinary dif-
ferential equation in the only spatial variable /ðnÞ is obtained
v2/00 þ b2/ ¼ k ð45Þ
where the coefﬁcient b ¼ c ~x, and the left-hand integral term is con-
stant for parabolic cables
k ¼ j4k2
Z 1
0
1
2
 n
 
/0dn ð46Þand can be demonstrated to identically vanish for spatially anti-
symmetric functions /ðnÞ.
Eq. (45) represents an integral–differential eigenproblem in the
unknown eigenfunctions /ðnÞ and eigenfrequencies b of the cable.
For symmetric eigenfunctions the closed-form problem solution
follows from the superposition of the homogeneous and the partic-
ular solutions
/ðnÞ ¼ C1 cos bv n
 
þ C2 sin bv n
 
þ k
b2
ð47Þ
where from recursive substitution and subsequent integration, the
constant k results
k ¼  k
2j4
2b
C1bþ 2C2vð Þ cos bv
 
þ C2b 2C1vð Þ sin bv
 
þC1b 2C2v

ð48Þ
otherwise, for anti-symmetric eigenfunctions, the solution falls
down into the homogeneous one (k ¼ 0).
The eigenproblem is completely solved by imposing the homo-
geneous boundary conditions, sufﬁcient to determine the eigenfre-
quencies b and the ratio between the unknown coefﬁcients C1 and
C2. Then, the corresponding cable circular frequencies are obtained
as x ¼ cx1b. Nevertheless, a distinction should be made between
anti-symmetric and symmetric eigenfunctions.
2.2.1.1. Anti-symmetric modes. Employing the boundary conditions,
it is straightforward to verify that the anti-symmetric cable eigen-
functions present equispaced frequencies, which are integer multi-
ples of the product 2pv. Thus explicit expression for the ith
frequency can be given
bi
v ¼ 2ip i 2 N
þ ð49Þ
with corresponding ith modal shape
/iðnÞ ¼ C2 sin
bi
v n
 
ð50Þ
where C2 remains to play the role of indeterminate modal
amplitude.
2.2.1.2. Symmetric modes. In contrast, assuming symmetric cable
eigenfunction /ðnÞ, and employing the boundary conditions, other
cable frequencies born from the roots of the characteristic equation
b
2v tan
b
2v
 
¼ 4
k2eq
b
2v
 3
; where k2eq ¼ k2
j4
v2 ð51Þ
and the modal shape corresponding to the ith frequency bi is
/iðnÞ ¼ C1 cos
bi
v n
 
þ C2 sin biv n
 
 C1 ð52Þ
where the relation
C2
C1
¼
b
v
 	3
þ k2eq sin bv
 	
 b2v 1þ cos bv
 	h in o
k2eq
b
2v sin
b
v
 	
 1 cos bv
 	h in o ð53Þ
subsists between the coefﬁcients.
Fig. 5a shows the frequency loci curves versus the Irvine param-
eter k2. The well-known Irvine diagram is recovered by letting the
temperature change vanish (black lines). The diagram presents k2-
independent frequencies corresponding to ﬁxed anti-symmetric
modal shapes, while the frequencies of symmetric modes mono-
tonically increase, with horizontal asymptotic behavior for limit
k2-values. Thus, greater Irvine parameters correspond to stiffer
Fig. 5. Frequency loci versus the Irvine parameter: (a) loci of the lowest symmetric (bsi) and anti-symmetric (bai) frequencies for different temperature changes DT
ðwith a ¼ 10-5Þ in parabolic cables with . ¼ 2 10-5 and (b) window around the crossover between the ﬁrst (symmetric) and second (ﬁrst anti-symmetric) frequency.
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shape. The critical points in which the ramping curves related to
the frequency loci of symmetric modes cross the horizontal lines
related to the frequency loci of the anti-symmetric modes are
called crossovers (Fig. 5b). They correspond to internally resonant
cables, with two coincident frequencies related to a couple of sym-
metric and anti-symmetric modes.
2.2.2. Rayleigh–Ritz solution
When the assumption of parabolic static proﬁle cannot be ac-
cepted, the modal problem can be tackled according to the Ray-
leigh–Ritz technique, decomposing the solution according to
vðn; sÞ ¼
X
i
qiðsÞwiðnÞ ð54Þ
where wiðnÞ (with i ¼ 1; . . . ;m) is a complete set of linearly indepen-
dent and differentiable trial functions, satisfying the geometric
boundary conditions and parametrized by the amplitude qiðsÞ.
Invoking the virtual work principle for deformable bodies, where
the test function dv is employed as virtual displacement ﬁeld, the
following relation holds between the internal and external virtual
works
c2
Z 1
0
€vdvdn v2
Z 1
0
v 00dvdnþ j4k2
Z 1
0
fvdn
Z 1
0
fdvdn ¼ 0; 8dv
ð55Þ
Integrating by parts and introducing the assumed solution for the
real and virtual displacement ﬁeld, a ﬁnite-dimensional equation
in the amplitude vector q ¼ q1; . . . ; qmf g> is obtained
c2dq>M€qþ dq>Kq ¼ 0; 8dq ð56Þ
where the coefﬁcients of the m-by-m mass matrix M and stiffness
matrix K are
Mij ¼
Z 1
0
wiwj

 
dn;
Kij ¼ v2
Z 1
0
w0iw
0
j
 	
dnþ j4k2
Z 1
0
fwið Þdn
Z 1
0
fwj

 
dn ð57Þ
Therefore, assuming a harmonic solution for the time-dependent
variables qðsÞ ¼ ceı ~xs, the resulting eigenvalue problem can be
solved in the unknown eigenvalues b2i and eigenvectorsbi ¼ bi1; . . . ; bimf g>, giving an approximation of the cable exact fre-
quencies and eigenfunctions /iðnÞ, through the superposition
/iðnÞ ¼
X
j
bijwjðnÞ ð58Þ
with the error reducing for an increasing number of trial functions.
Given the structure of the problem, no particular symmetry condi-
tions are expected for the eigenfunctions.
In particular, the Rayleigh–Ritz solution is essential to describe
the modal properties which characterize the internally-resonant
cubic cables (Srinil et al., 2007). Like many other structural systems
with crossing frequency loci, suspended cables may exhibit strong
frequency and mode sensitivity to small perturbations of the mod-
el geometric symmetry in the resonance regions. In particular, it is
well known in the scientiﬁc literature (Triantafyllou, 1894; Srinil
et al., 2007) that the symmetry-breaking effect of the chord incli-
nation can produce a strong, even if extremely localized, interac-
tion between the cable resonant frequencies, whose loci curves
approach each other up to a minimum distance, and then suddenly
diverge, missing the crossing. This phenomenon is known as (geo-
metric) frequency veering, and induces a hybridization process of
the involved modes, which exchange their modal shapes in a rapid
but continuous way.
2.3. Temperature effects
2.3.1. Parabolic cables
The exact solution of the modal problem for parabolic cables
can be veriﬁed to recover the Irvine solution as the temperature
change vanishes. Moreover, since temperature changes do not
modify the formal structure of the modal problem, the comparison
with the Irvine solution immediately evidences that the tempera-
ture affects the cable frequencies and modes in two different ways,
which can be referred to as the geometric and static effect, respec-
tively. They directly follow from the different thermal effects act-
ing on the static problem solution, and can be interpreted
therefrom
	 the geometric effect depends on the thermal variation of the
static axial tension, which modiﬁes the cable geometric stiff-
ness. From the analytical viewpoint, the geometric effect is
responsible for the v-multiplier affecting the frequencies of
both symmetric and anti-symmetric modes.
Fig. 6. Frequency ratio versus the Irvine parameter for different temperature changes DT ðwith a ¼ 10-5Þ in parabolic cables with . ¼ 2 10-5: (a), (c) ﬁrst symmetric mode,
(b) ﬁrst anti-symmetric mode and (d) second symmetric mode.
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static proﬁle, which in particular modiﬁes the sag and the cur-
vature of the reference conﬁguration. From the analytical view-
point, the static effect is responsible for the equivalent value k2eq
assumed by the Irvine parameter in the characteristic Eq. (51),
affecting the frequencies of symmetric modes only.
Despite the two effects not being fully indepedent of each other,
since the static effect itself partially depends on the reduced geo-
metric stiffness, their adoption criterion simpliﬁes the physical
interpretation of the thermal effects on the modal solution. More
rigorously, it could be said that the geometric effect has a second-
ary consequence on the cable spectrum, since it also partially con-
tributes to the static effect.
Beside the differences related to the symmetry/anti-symmetry
of each mode, cables exhibit different sensitivity to the geometric
or static effect, depending on the Irvine parameter. Fig. 5a illus-
trates how different temperature changes modify the Irvine dia-
gram. To better evidence the temperature effects on each cable
frequency it is useful to introduce the ratio ri ¼ bi=bi0, where bi0
is the ith frequency at the reference temperature. It is convenient
to separately discuss the frequency ratio of the lowest symmetric
modes (rs1;s2 in Fig. 6a and d), affected by both the geometric and
static effect, and the ﬁrst anti-symmetric mode (ra1 in Fig. 6b), af-
fected by the geometric effect only
i. considering the frequency ratio ra1 of the anti-symmetric
mode for temperature increments (DT > 0, red1 curves in
Fig. 6b), the geometric effect determines a systematic1 For interpretation of color in Figs. 3 and 6, the reader is referred to the web
version of this article.frequency reduction (ra1 < 1) in the whole range of the Irvine
parameter k2. Opposite temperature changes (DT < 0, blue
curves) determine a systematic frequency increment
(ra1 > 1). All the ra1-curves present horizontal asymptotes
for limiting k2-values, and are characterized by a maximum
(or a minimum, depending on the temperature change sign)
close to the critical value k2c . The same curves are also
representative of the frequency ratio for all the higher anti-
symmetric modes;
ii. considering the frequency ratio rs1 of the lowest symmetric
mode for temperature increments (DT > 0, red curves in
Fig. 6a), the geometric and the static effect act simulta-
neously. Selecting a certain temperature change
(DT ¼ 30), the two effects can be conveniently separated
(Fig. 6c). The geometric effect is found to determine a sys-
tematic frequency reduction (dashed line), identical to that
affecting anti-symmetric modes, in the whole k2-range.
Taking this frequency reduction as a reference, the static
effect applies a stiffening action (upward gray shift). Glob-
ally, the geometric effect is dominant for high or low k2-
values (approximately for k2 < 1, or k2 > 100), whereas
the static effect becomes gradually relevant over a wide
k2-range (say for 1 < k2 < 100) and ends up prevailing,
causing a frequency increment ðrs1 > 1Þ, around the critical
value k2c . As a minor remark, for each temperature change,
the perfect balance of the geometric and static effect
ðrs1 ¼ 1Þ is realized for a pair of k2-values (points c5 and
c6). If the temperature change sign is inverted (DT < 0, blue
curves), the geometric and static effect simultaneously
apply a frequency increment and softening action, respec-
tively, whose competition determines a similar, but oppo-
site scenario.
Table 1
Thermal effects of the cable frequencies.
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Fig. 7. Frequency ratio for parabolic cables (with . ¼ 2 10-5;a ¼ 10-5) in the DT-k2 plane (logarithmic scale for k2): (a) frequency ratio rs1 of the ﬁrst symmetric mode, (b)
frequency ratio ra1 of the ﬁrst anti-symmetric mode, (c) frequency ratio rs2 of the second symmetric mode and (d) 3D view.
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depending on the Irvine parameter, can be synthesized in the
scheme of Table 1. In Fig. 6, the analytical ﬁndings are optimally
conﬁrmed by a set of numerical results, marked by the crosses,
obtained from ﬁnite element models. The contour plot of the ri-
manifolds in the DT–k2 plane, shown in Fig. 7, clearly evidences
that the thermal effects on the linear frequencies are not exactly
symmetric with respect to the reference temperature.Combining the physical interpretation of the temperature ef-
fects and the parametric analysis results yields some observations
worthy of summarization. A warming temperature change cer-
tainly softens the cable transversal vibrations, as a consequence
of the minor geometric stiffness caused by the static tension loss
(geometric effect). Nonetheless, the symmetric component of the
transversal vibrations is unavoidably subject to a competing stiff-
ening action, consequent to the major cable sag, or curvature,
(a) (b)
Fig. 8. Frequency loci versus the Irvine parameter for cubic cables (. ¼ 2 105; a ¼ 105) with chord inclination # ¼ p=6: (a) ﬁrst symmetric and anti-symmetric mode in
the frequency veering region and (b) hybridization of the modal shapes.
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effect). Therefore, warming temperature changes do not necessar-
ily imply a reduction of all the cable frequencies (see the gray re-
gions in Fig. 7 in the right semi-plane). The Irvine parameter is
sufﬁcient to determine which of the competing effects prevails
for a certain cable. Independently of the vibration frequency,
strongly pretensioned taut cables ðk2  1Þ and non-pretensioned
slack cables ðk2  1Þ tend to be less sensitive to temperature,
and to the static effect in particular. Cables with natural length
close to the distance between the supports ðk2 ’ k2c Þ are the most
sensitive to the geometric effect. On the contrary, the cable sensi-
tivity to the static effect is different for each symmetric mode. In-
deed, since the static effect acts as an apparent modiﬁcation of the
Irvine parameter, the region dominated by the static effect is lim-
ited to the k2-range corresponding to the ramping portion of the
each frequency loci curve in the Irvine diagram (see Fig. 5a). Within
this region, which is different for each symmetric mode, the higher
apparent values of the Irvine parameter accelerate the rate of fre-
quency increase. Therefore, the stiffening action of the static effect
is justiﬁed by the shift of the frequency loci ramping, which in
warmed cables correspond to lower Irvine parameters. As a minor
remark, this effect determines also a leftward shift of the frequency
cross-over points (Fig. 5b). Coherent with these arguments, in
higher symmetric modes the relevant range of the static effect
moves towards greater k2-values (see rs2 in Fig. 6d).
Finally, only minor qualitative thermal effects can be observed
on the modal shapes from the comparison with cables at the refer-
ence temperature. Particularly, temperature changes do not mod-
ify the anti-symmetric modes, since they are independent of the
cable sag, and thus are not sensitive to the static effect. Moreover,
since the anti-symmetric modal shapes do not involve cable
stretching, they are even not sensitive to the geometric effect
due to the reduction of axial stiffness. In contrast, a certain sensi-
tivity of the symmetric modes to the static effect can be appreci-
ated. Indeed the apparent modiﬁcation of the Irvine parameter
may slightly anticipate or delay, depending on the temperature
change sign, the shape transformation of symmetric modes accom-
panying the ramping part of the related frequency loci curve.
According to the work motivations, it may be interesting to re-
mark that temperature changes may determine frequency varia-
tions qualitatively and quantitatively similar to those affecting a
cable damaged by a diffused reduction of the axial stiffness (Lepidiet al., 2007). Analogies or differences among the temperature and
damage effects on the cable modal properties, together with a dis-
cussion of the potential impact of thermal changes on frequency-
based damage identiﬁcation procedures can be found in Lepidi
(2011).
2.3.2. Cubic cables
The temperature-dependent crossover points characterizing the
perfect internal resonance between the ith pair of symmetric and
anti-symmetric modes in parabolic cables can be easily located
in the Irvine diagram, since the corresponding critical k2-values
can be exactly determined
k2cr ¼ 4i2p2
v2
j4
ð59Þ
This resonance condition, at each environmental temperature, has
some importance because of the signiﬁcant ﬂows of mechanical en-
ergy which can be exchanged by the resonant modes. When cubic
cables are considered, similar interest may be generated by the
thermal effects on the quasi-resonance condition determined by
the frequency veering. Fig. 8 shows the frequency veering curves
at different temperatures for a selected cable inclination
(# ¼ p=6), obtained using ten Rayleigh–Ritz test functions. Despite
the translation of the underlying crossover points, it can be clearly
observed that the veering phenomenon is almost identically pre-
served for temperature changes. In particular, the minor thermal ef-
fects on the symmetry loss in cubic cables are not sufﬁcient to
signiﬁcantly modify the veering amplitude, which depends only
on the cable inclination, and remains practically unchanged for both
temperature increment and reduction. The analytical ﬁndings are
conﬁrmed with satisfying agreement, despite a slight underestima-
tion of the veering amplitude, by a set of ﬁnite element results,
marked by the crosses.3. Conclusions
A continuous monodimensional model has been presented to
describe the mechanical behavior of an elastic suspended cable un-
der uniform thermal load. The environmental temperature change
is introduced through a non-homogeneous constitutive law for the
material linear elasticity. The equations governing the static prob-
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solved to achieve the exact cable equilibrium conﬁguration under
self-weight. Temperature changes determine an opposite-sign var-
iation of the static tension and sag, which is evaluated by synthetic
factors deﬁned to the purpose. The signiﬁcance of each of these
two thermal effects, which are however not independent, is para-
metrically investigated. Qualitatively, their importance monotoni-
cally builds up for increasing temperature changes in the whole
space of elastic and geometric properties. Quantitatively, cables
with natural length close to the distance between the supports re-
veal the highest sensitivity to temperature, whereas pretensioned
and non-pretensioned cables are gradually less sensitive to ther-
mal effects.
The nonlinear equations governing the planar ﬁnite motions of
the cable around the static conﬁguration have also been presented.
The closed-form solution for the spectral properties characterizing
the low-frequency free undamped dynamics of shallow parabolic
cables is obtained, considering a quasistatic treatment of the longi-
tudinal component of motion. Under this simplifying assumption,
two simultaneous temperature effects have been recognized. The
ﬁrst one, namely the geometric effect, is related to the geometric
stiffness variation, following from the varied static tension, and
produces a systematic increment or reduction of the cable frequen-
cies, for both the anti-symmetric and symmetric modes, in the
whole Irvine parameter range. The second one, namely the static
effect, is due to the varied sagging static proﬁle, and acts as an
apparent modiﬁcation of the cable Irvine parameter. Competing
with the simultaneous geometric effect, the static effect stiffens
or softens only the symmetric modes, and ends up prevailing over
a large range of the Irvine parameter, different for each symmetric
mode. Temperature changes determine also a slight shift of the
crossover points, corresponding to perfect internal resonances
between a pair of symmetric and anti-symmetric modes. Thermal
effects are proved instead to cause only a minimal modiﬁcation of
the cable modal shapes.
Finally, the symmetry-breaking effect of the chord inclination in
the static conﬁguration of shallow cubic cables is analyzed through
an approximate solution of the modal problem. Thermal effects are
proved to not signiﬁcantly modify the spectral properties of inter-
nally-resonant cubic cable, characterized by the veering of the fre-
quency loci and the hybridization of the modal shapes.
Appendix
The nondimensional auxiliary functions introduced to describe
the cable static conﬁguration CS read
W1ðsÞ ¼ arcsinh tan uAð Þ½   arcsinh tan uðsÞð Þ½ ; ð60Þ
W2ðsÞ ¼ 1þ tan2 uAð Þ
 1
2  1þ tan2 uðsÞð Þ 12 ð61Þ
for the coordinate functions deﬁned in (6), and
W3ðsÞ ¼ tan uAð Þ 1þ tan2 uAð Þ
 1
2  tan2 uðsÞð Þ 1þ tan2 uðsÞð Þ 12;
ð62Þ
W4ðsÞ ¼ log tan uAð Þ þ 1þ tan2 uAð Þ
 1
2
h i
 log tan uðsÞð Þ þ 1þ tan2 uðsÞð Þ 12h i ð63Þ
for the curvilinear abscissa deﬁned in (8). The relevant trigonomet-
ric terms are deﬁned as
tan uAð Þ ¼
V
H
; tan uðsÞð Þ ¼ V ws
H
ð64Þand correspond to the local tangent to the cable static proﬁle at the
left support SA and at the curvilinear abscissa s, respectively.
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